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© Talk content: an application of computability to a genericity
problem in topological dynamics.
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.- 7./87 — 7,/4Z
Turin achines (reversible) Odometers

o: AL 5 AZ

Generahized shifts (reversible)
0+— 10,1 — 01

Theorem (Kechris and Rosendal, 2007)

There exists a residual topological conjugacy class. J
Generically, there is only one Cantor system (up to topological
conjugacy). J
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A homeomorphism T: X — X is the same as a continuous action
7~ X.

Theorem (informal)
Z admits a generic Cantor system.

Question
What about other groups?

Definition
A countable group has the strong topological Rokhlin property (STRP)
if it admits a generic Cantor system.
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| will present a computability obstruction for the existence of a
generic Cantor system for some groups. J
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Definition (for this talk)
Topological dynamical system =

GxX— X, (g,x)— T9x)

action T of a finitely generated group G on a compact metrizable
space X by homeomorphisms.

Oficially we should always speak of the pair (X, T), but we may
omit some of them if this is clear from the context.
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We will be interested in a class of dynamical systems called
subshifts.
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Subshifts

We will be interested in a class of dynamical systems called

Remark
subshifts. J

Subshift ~ space of colorings of a group.
Subshift of finite type ~ space of tilings of a group.
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A subshift of finite type in Z2

e -y <o
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Remark
Some subshifts are Cantor systems, and some are not. J
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Remark
Some subshifts are Cantor systems, and some are not.

Surprise
Genericity questions for Cantor systems can be reduced to
subshifts.

Cantor systems —>-

11/24
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Space of Cantor systems — space of subshifts
Theorem (Doucha, 2024)

For a finitely generated group G, the following two conditions are
equivalent:

@ G admits a generic Cantor system.
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Space of Cantor systems — space of subshifts
Theorem (Doucha, 2024)

For a finitely generated group G, the following two conditions are
equivalent:

@ G admits a generic Cantor system.

@ For every finite alphabet 4, in the space of subshifts with
alphabet A, projectively isolated subshifts are dense.

5(A°) dense not dense
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Topology for the space of subshifts

For a metric space (X, d), we can define the Hausdorff distance for
compact subsets of X:

dy(A,B) = inf{e >0: AC Band B C A%}
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Topology for the space of subshifts

For a metric space (X, d), we can define the Hausdorff distance for
compact subsets of X:

dy(A,B) = inf{e >0: AcC B°and B C A%}

If d is compatible metric for the topology on A%, we endow
S(A%) = {X subshift, X c A%}

with the Hausdorff distance generated by d.

S(A%) is homeomorphic to a closed subset of the Cantor space.
It is not itself a Cantor space because it has isolated points.
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Groups for which projectively isolated subshifts are dense in S(A%)
(A > 1):
e 7, (Kechris and Rosendal, 2007)

N.C (U)) 2026 14724



Subshifts
00000000800

Positive cases

Groups for which projectively isolated subshifts are dense in S(A%)
(A > 1):

e 7, (Kechris and Rosendal, 2007)

e 7 (Pavlov and Schmieding, 2023)

N.C (U)) 2026 14724



Subshifts
00000000800

Positive cases

Groups for which projectively isolated subshifts are dense in S(A%)
(A > 1):
e 7, (Kechris and Rosendal, 2007)

e 7 (Pavlov and Schmieding, 2023)
They prove a stronger property:

isolated points are dense

N.C (U)) 2026 14724



Subshifts
00000000800

Positive cases

Groups for which projectively isolated subshifts are dense in S(A%)
(A > 1):
e 7, (Kechris and Rosendal, 2007)

e 7 (Pavlov and Schmieding, 2023)
They prove a stronger property:

isolated points are dense

¢ Finitely generated free groups (Kwiatkowska, 2012)

N.C (U)) 2026 14724



Subshifts
00000000800

Positive cases

Groups for which projectively isolated subshifts are dense in S(A%)
(A > 1):
e 7, (Kechris and Rosendal, 2007)

e 7 (Pavlov and Schmieding, 2023)
They prove a stronger property:

isolated points are dense

¢ Finitely generated free groups (Kwiatkowska, 2012)
¢ Free products of finite/cyclic groups (Doucha, 2024)
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A criterion for the negative case
Theorem (C, arXiv:2601.03501)

Let G be a recursively presented group, and suppose that there
exists a subshift of finite type X c A% which is algorithmically
complex in the following sense:

Every x € X is Turing-uncomputable (as function x: G — A)
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Open question
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subshifts of finite type? (meaning no computable points)

N.C (U)) 2026 16/24



Subshifts
000000000 0e

Open question

Which finitely generated groups admit algorithmically complex
subshifts of finite type? (meaning no computable points)

Known examples:
e 72 (Hanf and Myers, 1974)

N.C (U)) 2026 16/24



Subshifts
000000000 0e

Open question

Which finitely generated groups admit algorithmically complex
subshifts of finite type? (meaning no computable points)

Known examples:
e 72 (Hanf and Myers, 1974)
e Any product of two infinite groups (C and S.Barbieri, 2024)

N.C (U)) 2026 16/24



Subshifts
000000000 0e

Open question

Which finitely generated groups admit algorithmically complex
subshifts of finite type? (meaning no computable points)

Known examples:
e 72 (Hanf and Myers, 1974)
e Any product of two infinite groups (C and S.Barbieri, 2024)
e Lamplighter groups (Bartholdi and Salo, 2024)

N.C (U)) 2026 16/24



Subshifts
000000000 0e

Open question

Which finitely generated groups admit algorithmically complex
subshifts of finite type? (meaning no computable points)

Known examples:

72 (Hanf and Myers, 1974)

Any product of two infinite groups (C and S.Barbieri, 2024)
Lamplighter groups (Bartholdi and Salo, 2024)
Baumslag-Solitar groups (Aubrun and Kari, 2013)

N.C (U)) 2026 16/24



Subshifts
000000000 0e

Open question

Which finitely generated groups admit algorithmically complex
subshifts of finite type? (meaning no computable points)

Known examples:

72 (Hanf and Myers, 1974)

Any product of two infinite groups (C and S.Barbieri, 2024)
Lamplighter groups (Bartholdi and Salo, 2024)
Baumslag-Solitar groups (Aubrun and Kari, 2013)

N.C (U)) 2026 16/24



Subshifts G Minimalism

000000000 0e [e]

Open question

Which finitely generated groups admit algorithmically complex
subshifts of finite type? (meaning no computable points)

Known examples:
e 72 (Hanf and Myers, 1974)
e Any product of two infinite groups (C and S.Barbieri, 2024)
e Lamplighter groups (Bartholdi and Salo, 2024)
e Baumslag-Solitar groups (Aubrun and Kari, 2013)

This is currently the largest class of groups known to have no
generic Cantor system.

N.C (U)) 2026 16/24



Subshifts

000000000 0e

Open question

Which finitely generated groups admit algorithmically complex
subshifts of finite type? (meaning no computable points)

Known examples:
e 72 (Hanf and Myers, 1974)
e Any product of two infinite groups (C and S.Barbieri, 2024)
e Lamplighter groups (Bartholdi and Salo, 2024)
e Baumslag-Solitar groups (Aubrun and Kari, 2013)

This is currently the largest class of groups known to have no
generic Cantor system.

One recovers previously known non-examples such as 7Z?
(Hochman, 2012), or products of three infinite groups (Doucha,
2024)
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Some ideas for the proof. J

For simplicity, assume in what follows that G has decidable word
problem. J
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Theorem (Doucha)

G admits a generic Cantor system <—
projectively isolated elements are dense in S(A®) for all finite A.

Proposition (semicontinuity)

Let Xy, X... in S(A®) converge to a subshift of finite type X.
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v
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Projectively isolated subshifts always have computable points.
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Theorem (Doucha)

G admits a generic Cantor system <—
projectively isolated elements are dense in S(A®) for all finite A.

Proposition (semicontinuity)

Let X1, Xz ... in S(A%) converge to a subshift of finite type X.
If X has no computable points, then the same is true for X, for all n
large enough.

Proposition
Projectively isolated subshifts always have computable points.

Putting these results together: if subshifts of finite type with no
computable points happen to exist, then projectively isolated
subshifts can not be dense (for some alphabet).
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projectively isolated if
we can find
¢ An alphabet B
e A morphism of
subshifts

)
¢: BC — A% (a CA) lcb
* Anopenseti in \ /
S(8°)
such that ¢(Y) = X for

o d

N.C (U)) 2026 19/24

A subshift X € S(A%) is S(B¢



Proof idea
000000

Lets prove that a projectively isolated subshift X has computable
points. J

N.C (U)) 2026 20/24



Proof idea
[e]e]e] lele)

Lets prove that a projectively isolated subshift X has computable
points.

It is sufficient to prove that it has decidable language

L(X) = {x|r: x € X, F C Gfinite}

N.C (U)) 2026 20/24



Proof idea
[e]e]e] lele)

Lets prove that a projectively isolated subshift X has computable
points.

It is sufficient to prove that it has decidable language

L(X) = {x|r: x € X, F C Gfinite}

It is easy to see that L(X) is MY, the nontrivial claim is that L(X) is £9.
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Take Fc Gandp: F— A
such that we want to know
if p e L(X).
Algorithm:
@ Define X, = {x € X:
pdoes not appear in x}
® For U=ball around an
SFT Y, define
Yo={yeY:o(y)e
Yo} =61 (Xp) N Y
©® Show that
pel(X) < Yp¢U
O Provethat Y, ¢ isa
»9 problem.

Opcl(X)isax?
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Minimality
Given a group, one can also consider the space of minimal Cantor
systems, and ask if there exists a generic minimal system.

Doucha, Tsankov, and Melleray proved that this question can also
be reduced to the space of minimal subshifts.

Theorem (C and Doucha, in preparation)

Let G be a recursively presented group, and suppose that there
exists an algorithmically complex subshift of finite type (no
computable points). Then G does not admit a generic minimal
Cantor system.

The general idea is the same. One can not prove that projectively
isolated shifts have computable language, but one can still prove
that they have 9 language.
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Thanks for your attention
and for the nice event J
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